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COXETER DIAGRAMS AND THE KO¨THE’S PROBLEM
ZIBA FAZELPOUR AND ALIREZA NASR-ISFAHANI
ABSTRACT. A ring Λ is called right Ko¨the if every right Λ-module is a direct sum of cyclic
modules. In this paper, we give a characterization of basic hereditary right Ko¨the rings in terms
of their Coxeter valued quivers. Also we give a characterization of basic right Ko¨the rings with
radical square zero. Therefore we give a solution of the Ko¨the’s problem in this cases.
1. INTRODUCTION
It is known that every finitely generated Z-module is a direct sum of cyclic modules. The
idea of this important property of abelian groups go back to Pru¨fer [25]. Ko¨the showed that
artinian principal ideal rings have this property. He also proved that if a commutative artinian
ring Λ has the property that each of its Λ-modules is a direct sum of cyclic modules, then it
is a principal ideal ring and posed the question to classify the noncommutative rings with this
property [23]. The Ko¨the’s problem is one of the old problems in rings and modules theory
which is not solved yet. A ring for which any right module is a direct sum of cyclic modules, is
now called a right Ko¨the ring. Nakayama gave an example of a right Ko¨the ring Λ which is not
a principal right ideal ring (see [24, page 289]). Later, Cohen and Kaplansky proved that if a
commutative ring Λ is Ko¨the, then Λ is an artinian principal ideal ring [6]. Combining results of
Cohen and Kaplansky [6] and Ko¨the [23] one obtains that, a commutative ring Λ is Ko¨the if and
only if Λ is an artinian principal ideal ring. A right artinian ring Λ is called representation-finite
provided Λ has, up to isomorphism, only finitely many finitely generated indecomposable right
Λ-modules. Λ is called right pure semisimple if every right Λ-module is a direct sum of finitely
generated right Λ-modules. It is known that a commutative ring Λ is pure semisimple, if and
only if, Λ is of finite representation type, if and only if, Λ is an artinian principal ideal ring [18].
A ring Λ is of finite representation type if and only if Λ is right pure semisimple and left pure
semisimple [2]. The problem of whether right pure semisimple rings are of finite representation
type, known as the pure semisimplicity conjecture, still remains open [2]. It seems that there is
a strong connection between pure semisimplicity conjecture and Ko¨the’s problem.
Kawada completely solved the Ko¨the’s problem for the basic finite dimensional K-algebras
[20, 21, 22] (see also [26]). Kawada’s papers contain a set of 19 conditions which characterize
Kawada algebras, as well as, the list of all possible finitely generated indecomposable modules.
Ringel by using the multiplicity-free of top and soc of finitely generated indecomposable mod-
ules, gave a characterization of Kawada algebras [26]. Behboodi et al. proved that if Λ is a
right Ko¨the ring in which all idempotents are central, then Λ is an artinian principal left ideal
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ring [4]. Recently the authors have studied the Ko¨the’s problem [13]. In fact, all known results
related to the characterization of right Ko¨the rings obtain from Corollary 3.2 of [13].
In representation theory, representation-finite algebras are of particular importance since in
this case one has a complete combinatorial description of the module category in terms of the
Auslander-Reiten quiver. Any right Ko¨the ring is representation-finite. It seems that a solution
of the Ko¨the’s problem need a classification of all representation-finite rings and some further
information about the structure of the modules over representation-finite rings, which is a rather
difficult problem. In this paper, by using the representation theory techniques and classifications
of representation-finite hereditary rings [7, 9, 10] and representation-finite rings with radical
square zero [11], we solve the Ko¨the’s problem in this cases.
In [16], Gabriel showed that a hereditary finite dimensional algebra is of finite type if and
only if the underlying graph of its quiver is a disjoint union of Dynkin diagrams An, Dn, E6,
E7 and E8, that appear also in Lie theory. He also showed that in this case, there is a bijec-
tion between isomorphism classes of finite dimensional indecomposable representations and
the positive roots of the corresponding Dynkin diagram. We recall from [15] that a species
M =
(
Fi, iM j
)
i, j∈I
is a finite set of division rings Fi and Fi-Fj-bimodules iM j, i 6= j. We can
attach easily a species to an arbitrary basic ring Λ. Let Λ/J ∼=
⊕n
i=1Fi, where n ∈ N, each Fi is
a division ring and J is the Jacobson radical of Λ. We can write J/J2 =
⊕
1≤i, j≤n iM j, where
each iM j = Fi(J/J
2)Fj is an Fi-Fj-bimodule. MΛ =
(
Fi, iM j
)
i, j∈I
is called the species of Λ (see
[15]). Let Λ be a basic hereditary ring and let MΛ =
(
Fi, iM j
)
i, j∈I
be the species of Λ. We recall
from [9] that a Coxeter valued quiver (CΛ,m) of Λ is a valued quiver with vertices 1,2, · · · ,n
corresponding to the division rings F1,F2, · · · ,Fn. There exists a valued arrow
i
mi j
>
j
in (CΛ,m) if and only if the Fi-Fj-bimodule iM j is non-zero and there exist exactly mi j ≥ 3
pairwise non-isomorphic indecomposable right
(
Fi iM j
0 Fj
)
-modules. If mi j = 3, we write simply
i
>
j
Dowbor, Ringel and Simson consider hereditary artinian rings of finite representation type (see
[9]). They showed that a hereditary artinian ring Λ is representation-finite if and only if the
Coxeter valued quiver (CΛ,m) of Λ is a disjoint union of Coxeter diagrams An, Bn, Dn, E6, E7,
E8, F4,G2, H3,H4 and I2(p) with p= 5 or 7≤ p< ∞. It was proved by Schofield [29, 28] that
there exist rings of type I2(5). However, the existence of rings of type I2(p) with p≥ 7 remains
open. It depends on rather difficult questions concerning division rings. Dowbor and Simson
[11] proved that if Λ is a basic artinian ring with radical square zero such that Λ/J is an Artin
algebra, where J is the Jacobson radical of Λ, then Λ is of finite representation type if and only
if the separated diagram of Λ is a disjoint union of Dynkin diagrams An, Bn, Cn, Dn, E6, E7,
E8, F4 and G2. In this paper, we use Coxeter valued quivers and separated diagrams as a tool
for studying the right Ko¨the rings.
The paper is organized as follows. In Section 2, we prove some preliminary results that
will be needed later in the paper. In Section 3, we give a characterization of basic hereditary
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right Ko¨the rings of Dynkin type. In Section 4, we give a characterization of basic hereditary
right Ko¨the rings in terms of their Coxeter valued quivers. Finally in Section 5, we give a
characterization of basic right Ko¨the rings with radical square zero in terms of their separated
diagrams.
1.1. Notation. Throughout this paper Λ is an associative ring with unit and all modules are
unital. Let Λ be a ring. We denote by Mod-Λ (resp., mod-Λ) the category of all right Λ-modules
(resp., finitely generated right Λ-modules) and by J the Jacobson radical of Λ. For a right Λ-
moduleM, we denote by top(M) and rad(M) its top and radical, respectively. We write N≪M
to indicate that N is a small submodule ofM. Let X be a representation of a species M andV be
a right module over a division ring F . We denote by dimX and dimFV the dimension vector of X
and dimension ofV , respectively. Let F andG be division rings andM be an F-G-bimodule. We
denote by l.dimM, r.dimM, ML and MR its dimFM, dimGM, HomF(M,F) and HomG(M,G),
respectively. We denote the left and right dualisations of the F-G-bimoduleM by settingM(0) =
M, M( j) = (M( j−1))L for j ≥ 1 and M( j) = (M( j+1))R for j ≤ −1, respectively. Moreover for
each m≥ 1, we denote by dm(M) the sequence
(
dM0 ,d
M
1 , · · · ,d
M
m−1
)
, where dMj = r.dimM
( j) for
each j. Let X and Y be two right Λ-modules and f : X −→ Y be a homomorphism. We write
X // // Y (resp., X 
 // Y ) when f is an epimorphism (resp., f is a monomorphism). Let A
be a Λ-submodule of X . We denote by f |A the restriction of f to A. Let M be a right Λ-module
and n ∈ N. Then nM denotes the direct sum of n copies of M. Let Q be a quiver and i be
a vertex of Q. We denote by i+ and i− the set of direct successors of i and the set of direct
predecessors of i, respectively. Also, we denote by |i+| and |i−| the cardinal number of i+ and
i−, respectively. Let K be a field, n ∈ N and 1≤ i≤ n. We denote by ei the vector in nK with a
1 in the i-th coordinate and zero in the j-th coordinate, for each j 6= i.
2. PRELIMINARIES
Throughout we will suppose that M = (Fi, iM j)i, j∈I is a species such that iM j 6= 0 implies
that jMi = 0. We recall from [10] that an oriented valued quiver (Γ,d,Ω) of M is a finite set
Γ of vertices corresponding to the division rings Fi together with non-negative integers di j =
r.dimiM j and d ji = l.dimiM j for i 6= j. There exists a valued arrow
i
(di j,d ji)
>
j
if and only if iM j 6= 0. If di j = d ji = 1, we write simply
i
>
j
Note that the oriented valued quiver of the species of a basic ring Λ denote by (ΓΛ,d,Ω).
An oriented valued quiver is called connected if the underlying graph of the oriented val-
ued quiver is connected. An oriented valued quiver is said to be acyclic if it has no ori-
ented cycles. A representation
(
Xi, jϕi
)
i, j∈I
of M is a family of right Fi-modules Xi and Fj-
linear maps jϕi : Xi⊗Fi iM j → X j for each arrow i→ j in (Γ,d,Ω). A representation
(
Xi, jϕi
)
is called finite dimensional provided that all Xi are finite dimensional right Fi-module. A
morphism α :
(
Xi, jϕi
)
→
(
Yi, jψi
)
is given by right Fi-linear maps αi : Xi → Yi such that
jψi(αi⊗ idiM j) = α j jϕi for each arrow i→ j in (Γ,d,Ω). We denote by Rep(M ) (resp., by
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rep(M )) the category of all representations of M (resp., finite dimensional representations of
M ) [15]. Therefore representations of species are a generalization of representations of quivers.
The following proposition gives the necessary and sufficient conditions for a representation(
Yi, jψi
)
to be small in a representation
(
Xi, jϕi
)
.
Proposition 2.1. Let M =
(
Fi, iM j
)
i, j∈I
be a species. Suppose that the oriented valued quiver
(Γ,d,Ω) of M is connected and acyclic and let
(
Yi, jψi
)
be a subrepresentation of a represen-
tation
(
Xi, jϕi
)
of M . Then
(
Yi, jψi
)
≪
(
Xi, jϕi
)
if and only if the following conditions hold:
(a) If k is a source vertex in (Γ,d,Ω), then Yk = 0.
(b) If k is not a source vertex in (Γ,d,Ω), then Yk ⊆ ∑ j→k Im(kϕ j), where the sum is over
all arrows with the target k.
Proof. Suppose that
(
Yi, jψi
)
is a subrepresentation of a representation
(
Xi, jϕi
)
of M . Then(
Xi, jϕi
)
/
(
Yi, jψi
)
=
(
Xi/Yi, jγi
)
, where the following diagrams commute
0 // Yi⊗Fi iM j
ıi⊗idiM j//
jψi

Xi⊗Fi iM j
pii⊗idiM j//
jϕi

Xi/Yi⊗Fi iM j
jγi

// 0
0 // Yj
ı j // X j
pi j // X j/Yj // 0
for each arrow i→ j in (Γ,d,Ω), each ıi : Yi → Xi is the inclusion map and each pii : Xi→ Xi/Yi
is the canonical quotient map.
(⇒). Assume that k is a source vertex in (Γ,d,Ω) and Xk 6= 0. Assume that Yk = Xk. We
define a representation
(
Zi, jθi
)
of M by taking Zk = 0, Zi = Xi for each i 6= k and all jθi =
jϕi|Zi⊗Fi iM j . Set pi = (pii)i :
(
Xi, jϕi
)
→
(
Xi/Yi, jγi
)
. Then piα is an epimorphism, where α =
(αi)i :
(
Zi, jθi
)
→
(
Xi, jϕi
)
and each αi : Zi → Xi is the inclusion map. Since α is not an epi-
morphism,
(
Yi, jψi
)
6≪
(
Xi, jϕi
)
, which gives a contradiction. Hence Yk 6= Xk. Assume that Hk
is an Fk-submodule of Xk such that Hk+Yk = Xk. We define a subrepresentation (X
′
i , jϕ
′
i) of(
Xi, jϕi
)
by taking X
′
k = Hk, X
′
i = Xi for each i 6= k and all jϕ
′
i = jϕi|X ′i⊗Fi iM j
. Then piℓ is an
epimorphism, where ℓ= (ℓi)i : (X
′
i , jϕ
′
i)→
(
Xi, jϕi
)
and each ℓi : X
′
i → Xi is the inclusion map.
The assumption
(
Yi, iψ j
)
≪
(
Xi, iϕ j
)
yields the map ℓ is an epimorphism and so Hk = Xk. This
proves that Yk ≪ Xk. Therefore Yk = 0. Assume that k is not a source vertex in (Γ,d,Ω) and
ηk : Xk→ Xk/∑ j→k Im(kϕ j) is the canonical quotient map, where the sum is over all arrows with
the target k. Assume that ηk(Xk) 6= 0 and ηk(Yk) = ηk(Xk). Then Xk = Yk+∑ j→k Im(kϕ j). We
define a subrepresentation
(
Vi, jεi
)
of
(
Xi, jϕi
)
by taking Vk = ∑ j→k Im(kϕ j), Vi = Xi for each
i 6= k and jεi = jϕi|Vi⊗Fi iM j for each i and j. Therefore piβ is an epimorphism, where β = (βi)i :(
Vi, jεi
)
→
(
Xi, jϕi
)
and each βi :Vi→ Xi is the inclusionmap. Thus
(
Yi, jψi
)
6≪
(
Xi, jϕi
)
, which
gives a contradiction. It follows that ηk(Yk) 6= ηk(Xk). Assume that Ek is an Fk-submodule of
ηk(Xk) such that Ek+ηk(Yk) = ηk(Xk). Set Dk = η
−1
k (Ek). Then kϕ j(X j⊗Fj jMk)⊂Dk for each
arrow j→ k in (Γ,d,Ω). Hence Dk+Yk = Xk and (X
′′
i , jϕ
′′
i ) is a subrepresentation of
(
Xi, jϕi
)
,
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where X
′′
k = Dk, X
′′
i = Xi for each i 6= k and all jϕ
′′
i = jϕi|X ′′i ⊗Fi iM j
. Therefore piξ is an epimor-
phism, where ξ = (ξi)i : (X
′′
i , jϕ
′′
i )→
(
Xi, jϕi
)
and each ξi : X
′′
i → Xi is the inclusion map. The
assumption
(
Yi, iψ j
)
≪
(
Xi, iϕ j
)
yields Dk = Xk. It follows that Ek = ηk(Xk). Consequently,
ηk(Yk)≪ ηk(Xk). Therefore Yk ⊆ ∑ j→k Im(kϕ j).
(⇐). Let
(
Zi, jφi
)
be a representation ofM and f = ( fi) :
(
Zi, jφi
)
→
(
Xi, jϕi
)
be a morphism in
Rep(M ) such that pi f is an epimorphism. Then for each i∈ I, Im fi+Yi =Xi. If k is a source ver-
tex in (Γ,d,Ω), then the assumption (a) yieldsXk= Im fk. Assume that k is not a source vertex in
(Γ,d,Ω). Let ηk : Xk→ Xk/∑ j→k Im(kϕ j) be the canonical quotient map. Since Im fk+Yk = Xk,
ηk(Im fk)+ηk(Yk) = ηk(Xk). Hence the assumption (b) yields ηk(Im fk) = ηk(Xk). Therefore
it is sufficient to show that for each arrow j → k in (Γ,d,Ω), kϕ j(X j⊗Fj jMk) ⊆ Im fk. As-
sume that there exists an arrow j1→ k in (Γ,d,Ω) such that kϕ j1(X j1⊗Fj1 j1Mk)* Im fk. Since
jϕi( fi⊗ idiM j) = f j jφi for each arrow i→ j in (Γ,d,Ω), we have a representation (Im fi, jδi),
where jδi = jϕi|Im fi⊗Fi iM j . Thus for each arrow i→ j in (Γ,d,Ω), we have the following com-
mutative diagram
Im fi⊗Fi iM j _
ℓi⊗1

jδi //Im f j _
ℓ j

Xi⊗Fi iM j
jϕi //X j
where each ℓi : Im fi→ Xi is the inclusion map. Therefore Im f j1 6= X j1 . Since Im f j1 +Yj1 = X j1 ,
Yj1 is not a small submodule of X j1 . By the above argument j1 is not a source vertex in (Γ,d,Ω)
and by (b), η j1(Yj1) = 0. Since Im f j1 +Yj1 = X j1, η j1(Im f j1)+η j1(Yj1) = η j1(X j1). It follows
that η j1(Im f j1) = η j1(X j1). Therefore there exists an arrow j2 → j1 in (Γ,d,Ω) such that
j1ϕ j2(X j2⊗Fj2 j2M j1)* Im f j1 . It follows that j2 is not a source vertex in (Γ,d,Ω) and the same
argument shows that there exists an arrow j3→ j2 in (Γ,d,Ω) such that j2ϕ j3(X j3⊗Fj3 j3M j2)*
Im f j2 . Continuing in this way, we get a cycle in (Γ,d,Ω) which gives a contradiction. Then
kϕ j(X j⊗Fj jMk)⊆ Im fk for each arrow j→ k in (Γ,d,Ω). It follows that f is an epimorphism.
Consequently
(
Yi, jψi
)
≪
(
Xi, jϕi
)
. 
In the following proposition we compute the radical and top of a representation of species.
Proposition 2.2. Let M =
(
Fi, iM j
)
i, j∈I
be a species. Suppose that the oriented valued quiver
(Γ,d,Ω) of M is connected and acyclic and let
(
Xi, iϕ j
)
be a finite dimensional representation
of M . Then
(a) rad(
(
Xi, jϕi
)
)=
(
Yi, jψi
)
, whereYk =∑ j→k Im(kϕ j) if k is not a source vertex in (Γ,d,Ω),
Yk = 0 if k is a source vertex in (Γ,d,Ω) and jψi = jϕi|Yi⊗Fi iM j for each i and j.
(b) top(
(
Xi, iϕ j
)
) =
(
Zi, jγi
)
, where Zk = Xk/∑ j→k Im(kϕ j) if k is not a source vertex in
(Γ,d,Ω), Yk = Xk if k is a source vertex in (Γ,d,Ω) and jγi = 0 for each i and j.
Proof. For each k ∈ Γ, define the representation Fk = (Wi, jχi), whereWi = 0 for i 6= k,Wk = Fk
and all jχi = 0. Since the species M is acyclic, by [31, Proposition 1.1], the simple representa-
tions Fk, k ∈ Γ, form a complete list of all non-isomorphic simple objects in rep(M ). Therefore
(Vi, jφi) is a maximal subrepresentation of (Xi, jϕi) if and only if there exists a vertex k ∈ Γ such
that (Vi, jφi) satisfies one of the following conditions:
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(a′) k is a source vertex in (Γ,d,Ω),Vk is a maximal submodule of Xk,Vi = Xi for each i 6= k,
and jφi = jϕi|Vi⊗Fi iM j for each i and j,
(b′) k is not a source vertex in (Γ,d,Ω), Vk is a maximal submodule of Xk which contains
∑ j→k Im(kϕ j), Vi = Xi for each i 6= k, and jφi = jϕi|Vi⊗Fi iM j for each i and j.
It follows that rad(
(
Xi, jϕi
)
) =
(
Yi, jψi
)
, where Yi = ∑ j→i Im(iϕ j) if i is not a source vertex in
(Γ,d,Ω), whereas Yi = 0 if i is a source vertex in (Γ,d,Ω) and jψi = jϕi|Yi⊗Fi iM j for each i and j.
Consequently, top(
(
Xi, iϕ j
)
) =
(
Zi, jγi
)
, where Zi = Xi/∑ j→i Im(iϕ j) if i is not a source vertex
in (Γ,d,Ω), whereas Zi = Xi if i is a source vertex in (Γ,d,Ω) and jγi = 0 for each i and j. 
As an immediate consequence of Propositions 2.1 and 2.2, we have the following corollary.
Corollary 2.3. Let M =
(
Fi, iM j
)
i, j∈I
be a species. Suppose that the oriented valued quiver
(Γ,d,Ω) of M is connected and acyclic and let
(
Xi, iϕ j
)
be a finite dimensional representation
of M . Then rad(
(
Xi, jϕi
)
) is a small subrepresentation of
(
Xi, iϕ j
)
.
It is well known that, for a quiver Q, the category of representations of Q over a field K is
equivalent to Mod-KQ, where KQ is the path algebra of Q. This fact was generalized nicely for
species. For a species M =
(
Fi, iM j
)
i, j∈I
, one can form a tensor ring RM =
⊕
t≥0N
(t), where
A= N(0) =
⊕
i∈IFi, N
(1) =
⊕
i, j∈I iM j and N
(t) =N(t−1)⊗AN
(1) for t ≥ 2, with the component-
wise addition and the multiplication induced by taking tensor products. The ring RM is called
the tensor ring of M (see [15]). A species M = (Fi, iM j)i, j∈I is called right (resp., left) finite
dimensional if the dimensions di j(resp., d ji) are finite for all i 6= j. The speciesM is called finite
dimensional if M is left and right finite dimensional. Assume that M =
(
Fi, iM j
)
i, j∈I
is a right
finite dimensional species and the oriented valued quiver (Γ,d,Ω) of M is acyclic. We now
define as in [8] a functor F : rep(M ) −→ mod-RM as follows. For each object X =
(
Xi, jϕi
)
in rep(M ), we define F(X) =
⊕
i∈I Xi. The reader may easily verify that F(X) is a finitely
generated right RM -module. If (αi)i∈I :
(
Xi, jϕi
)
→
(
Yi, jψi
)
is a morphism in rep(M ), we
define F((αi)i∈I) to be
⊕
i∈I αi :
⊕
i∈IXi →
⊕
i∈IYi. It is easy to verify that F((αi)i∈I) is an
RM -homomorphism. It is well known that the functor F is an equivalence (see [31, Proposition
1.1]). From now on, we fix the functor F.
Proposition 2.4. Let M =
(
Fi, iM j
)
i, j∈I
be a right finite dimensional species. Suppose that
the oriented valued quiver (Γ,d,Ω) of M is connected and acyclic and let
(
Xi, jϕi
)
be a finite
dimensional representation of M . Then top(F
(
Xi, jϕi
)
)∼= F(top(
(
Xi, jϕi
)
)).
Proof. We have an exact sequence
0→ rad(
(
Xi, jϕi
)
)→
(
Xi, jϕi
)
→ top(
(
Xi, jϕi
)
)→ 0.
Then 0→ F(rad(
(
Xi, jϕi
)
))→ F(
(
Xi, jϕi
)
)→ F(top(
(
Xi, jϕi
)
))→ 0 is an exact sequence. Thus
F(
(
Xi, jϕi
)
)/F(rad(
(
Xi, jϕi
)
))∼= F(top(
(
Xi, jϕi
)
)).
By Proposition 2.2(b), F(top(
(
Xi, jϕi
)
)) is semisimple. Hence
rad(F(
(
Xi, jϕi
)
))⊆ F(rad(
(
Xi, jϕi
)
)).
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Since F send small subrepresentations to the small submodules and by Corollary 2.3,
rad(
(
Xi, jϕi
)
)≪
(
Xi, jϕi
)
,
then F(rad(
(
Xi, jϕi
)
))≪ F(
(
Xi, jϕi
)
). It follows that F(rad(
(
Xi, jϕi
)
))= rad(F(
(
Xi, jϕi
)
)). This
proves that top(F(
(
Xi, jϕi
)
))∼= F(top(
(
Xi, jϕi
)
)). 
3. RIGHT KO¨THE RINGS OF DYNKIN TYPE
Let M =
(
Fi, iM j
)
i, j∈I
be a finite dimensional species and suppose that the oriented valued
quiver (Γ,d,Ω) of M is acyclic and connected. The species M =
(
Fi, iM j
)
i, j∈I
is called real-
ization if iM j
L ∼= iM j
R for each i 6= j [7]. Let k be a sink (resp., source) vertex in (Γ,d,Ω) and
M k =
(
Fi, iN j
)
i, j∈I
be the new species, where
iN j =


jMk
L if i= k,
iM j if i 6= k and j 6= k,
0 if j = k.
(resp., iNk = kMi
R, kNi = 0 for each i and iN j = iM j for each i 6= k, j 6= k) (see [10]). We recall
from [3] a pair of partial Coxeter functors
rep(M )
S+
k //
oo
S−
k
rep(M k)
as follows. Let X =
(
Xi, jϕi
)
be a finite dimensional representation ofM . Define S+
k
X =
(
Yi, jψi
)
,
where Yi = Xi for each i 6= k and Yk is the kernel of the morphism (kϕ j) j
0→Yk
( jσk) j
→
⊕
j∈Γ
X j⊗Fj jMk
(kϕ j) j
→ Xk.
By using the natural isomorphism HomFj(Yk ⊗Fk jMk
L,X j) ∼= HomFk(Yk,X j ⊗Fj jMk), we get
jψk : Yk⊗Fk jMk
L → Yj and jψi = jϕi for i 6= k. Also, if α = (αi)i : X → X
′
is a morphism in
rep(M ), then S+k α = (βi)i is defined by βi = αi for i 6= k and βk :Yk →Y
′
k as the restriction of⊕
j∈Γ
(α j⊗1) :
⊕
j∈Γ
X j⊗ jMk→
⊕
j∈Γ
X
′
j⊗ jMk
Also, for each sink vertex k ∈ Γ, define the linear transformation s+
k
: nZ→ nZ by s+
k
x = y,
where |Γ| = n, yi = xi for i 6= k and yk = −xk +∑i∈Γdikxi. For each finite dimensional inde-
composable representation X =
(
Xi, jϕi
)
of M , we can see that each kϕi is an epimorphism.
It follows that dimS+k X = s
+
k (dimX), where dimX = (dimFiXi)i∈I. The functor S
−
k is defined
analogously. The functors S+k and S
−
k induce quasi-inverse equivalences between the full sub-
category of rep(M ) of the representations having no direct summand isomorphic to the simple
projective representation Fk, and the full subcategory of rep(M
k) of the representations having
no direct summand isomorphic to the simple injective representation Fk (see [7] and [10]).
Let k be a vertex in (Γ,d,Ω) and let skΩ be a new orientation of (Γ,d,Ω) by reversing the
direction of arrows along all edges containing k. A sequence k1, · · · ,kn of vertices of (Γ,d,Ω)
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is called admissible if each vertex kt is sink with respect to the orientation skt−1 · · ·sk1Ω for all
1≤ t ≤ n [7]. Let k1, · · · ,kn be an admissible sequence in (Γ,d,Ω) and (k
′
j) j be a sequence of
vertices of (Γ,d,Ω), where j ∈ Z,
k′j =
{
kr+1 if j ≥ 0, j = tn+ r, 0≤ r < n;
kn−r+1 if j < 0, − j = tn+ r, 0≤ r < n,
and t is a positive integer. For any m ∈ Z, the species M (m) is defined in [10] as follows.
M
(m) =
{
(M (m−1))k
′
m−1 if m≥ 1;
(M (m+1))k
′
m if m≤−1,
where M (0) = M . The species M has a right (resp., left) finite dimension property if the
species M (m) are finite dimensional for all m ≥ 0 (resp., m ≤ 0). M has a finite dimensional
property if it has both left and right finite dimensional property. If M has the right (resp.,
left) finite dimensional property, then the following sequence is a right (resp., left) sequence of
partial Coxeter functors of M
rep(M )
S+1 //
oo
S−1
rep(M (1))
//
oo · · ·
//
oo rep(M (m−1))
S+m //
oo
S−m
rep(M (m))
//
oo · · ·
(resp., · · ·
//
oo rep(M (−m−1))
S+−m //
oo
S−−m
rep(M (−m))
//
oo · · ·
//
oo rep(M (−1))
S+0 //
oo
S−0
rep(M ) )
where S+j and S
−
j are the pair of partial Coxeter functors corresponding to the sink k
′
j−1 in the
oriented valued quiver of M ( j−1). We denote by F
( j)
k′j
the simple projective representation in
M ( j) corresponding to the sink k′j [10].
We need the following known result.
Theorem 3.1. ([10, Theorem]) Let M be a finite dimensional species and suppose that its ori-
ented valued graph (Γ,d,Ω) is connected and acyclic. Then M is of finite type if and only if M
has finite dimensional property and there exists m> 0 such that s+m · · ·s
+
1 (ei) 0 for any source
i of (Γ,d,Ω). Moreover, if m is minimal with the above property and |Γ| = n, then the map-
ping dim : rep(M )→ nZ is a one-one correspondence between isomorphism classes of finite
dimensional indecomposable representations of M and vectors in nZ of the form s−1 · · ·s
−
t (ek′t
),
where t < m and k
′
t is a sink in the oriented valued quiver of M
(t). In other words any finite
dimensional indecomposable representation X of M has the form X ∼= Pi for some 0≤ i < m,
where P0 = Fk1 and Pi = S
−
1 · · ·S
−
i F
(i)
k′i
.
Lemma 3.2. Let F and G be division rings and M be an F-G-bimodule. Let Λ =
(
F M
0 G
)
be a
representation-finite ring. Then
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(a) If there exist precisely 3 pairwise non-isomorphic finitely generated indecomposable
right Λ-modules, then r.dimM = l.dimM = 1, F ∼=G as division rings and ML ∼=MR as
G-F-bimodules.
(b) If there exist precisely 4 pairwise non-isomorphic finitely generated indecomposable
right Λ-modules, then ML ∼=MR as G-F-bimodule.
Proof. (a). Assume that Λ=
(
F M
0 G
)
is an artinian ring such that there exist precisely 3 pairwise
non-isomorphic finitely generated indecomposable right Λ-modules. Then by [30, Corollary
3.5], d3(M) is a dimension sequence. It follows that by [30, Lemma 3.1] and [9, Proposition
2
′
], r.dimM = l.dimM = 1. We can see that r.dimML = l.dimML = 1. Moreover by the proof
of Proposition 1 of [9], we can see that F ∼= G as division rings. Let M = xG and M = Fy for
some x,y ∈ M. Define division rings embedding α : F → G by the formula f x = xα( f ) and
division rings embedding β : G→ F by the formula yg = β (g)y for any f ∈ F and g ∈ G. So
we have F-G-isomorphisms ϕ :M→ FGG by the formula ϕ(xg) = g and ψ :M→ FFG by the
formula ψ( f y) = f . Therefore FGG ∼=M ∼= FFG as F-G-bimodules and soM
R ∼= GGF as G-F-
bimodules. Since r.dimML = l.dimML = 1, the same argument shows that GFF ∼=M
L ∼= GGF as
G-F-bimodules. It follows thatMR ∼=ML as G-F-bimodules.
(b). Assume that Λ =
(
F M
0 G
)
is an artinian ring such that there exist precisely 4 pairwise non-
isomorphic finitely generated indecomposable right Λ-modules. Then by [30, Corollary 3.5],
d4(M) is a dimension sequence. Thus by [30, Lemma 3.1] and [9, Proposition 2
′
], d4(M) =
(2,1,2,1) or d4(M) = (1,2,1,2). If d4(M) = (2,1,2,1), then by using the proof of the part (a),
ML ∼= M3L ∼= GFF as G-F-bimodule. Since by the proof of Proposition 1 of [9], M
R ∼= M3L
as G-F-bimodule, MR ∼= ML as bimodule. If d4(M) = (1,2,1,2), then by [30, Lemma 3.1],
l.dimMR = l.dimM3L = r.dimM4L = r.dimM = 1. Since r.dimM2L = 1, by [30, Lemma 3.1],
l.dimML = 1. Thus by using the proof of the part (a),ML ∼=MR ∼= GGF as bimodule. 
Let V be a finite dimensional vector space over a field K. For each α ∈V , a reflection sα is a
linear transformation sα :V →V by taking sα(β ) = β − (2B(β ,α)/B(α,α))α for each β ∈V ,
where B :V ×V → K is a symmetric bilinear form on V . A subset Φ of V is called root system
in V if the following conditions satisfied:
(1) Φ is finite, spans V , and does not contain 0;
(2) If α ∈Φ, the only multiples of α ∈Φ are ±α;
(3) If α ∈Φ, the reflection sα leaves Φ invariant;
(4) If α,β ∈Φ, 2B(β ,α)/B(α,α) ∈ Z.
A root system Φ is said to be reduced if for each α ∈ Φ, 1
2
α 6∈ Φ. A subset ∆ of Φ is called
base if ∆ is a base of V and each root β can be written as β = ∑α∈∆ kαα , where all integral
coefficients kα are non-negative or non-positive. The roots in ∆ are then called simple. If all
kα ≥ 0, then β is called positive. Let Φ be a root system with the base ∆ = {α1, · · · ,αl}. The
matrix
(
ni j
)
l×l
, where ni j = 2B(αi,α j)/B(α j,α j) is called cartan matrix of Φ. We are going
to associate to Φ a normal graph (X , f ), called Dynkin graph of Φ. The vertices of X are the
elements of the set {1,2, · · · , l}. Two vertices i and j of X are linked if and only if ni j 6= 0 and
we then put f (i, j) = ni j/n ji (see [5] for more details).
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A ring Λ is called semiperfect if Λ/J is a semisimple ring and idempotents lift modulo J.
A semiperfect ring Λ is said to be basic if Λ/J is a direct sum of division rings [1]. Let Λ be
a basic hereditary artinian ring such that the Coxeter valued quiver (CΛ,m) of Λ is one of the
following Coxeter diagrams:
An(n≥ 1) :
1 2 n−1 n
Bn(n≥ 2) :
n
4
n−1 2 1
Dn(n≥ 4) :
1 2 n−3 n−2 n−1
n
E6 :
1 2 3 4
6
5
E7 :
1 2 3 4
6
5 7
E8 :
1 2 3 4
6
5 7 8
F4 :
1 2
4
3 4
Then by [12, Theorem 3], Λ∼= RMΛ . It follows that by [31, Proposition 1.1], the functor
F : rep(MΛ)−→ mod-Λ
is an equivalence. Moreover by [30, Lemma 3.1 and Corollary 3.5] and [9, Proposition 2
′
],
the underlying graph of the oriented valued quiver (ΓΛ,d,Ω) of MΛ is one of the following
diagrams:
An(n≥ 1) :
1 2 n−1 n
Bn(n≥ 2) :
n
(1,2)
n−1 2 1
Cn(n≥ 2) :
n
(2,1)
n−1 2 1
Dn(n≥ 4) :
1 2 n−3 n−2 n−1
n
E6 :
1 2 3 4
6
5
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E7 :
1 2 3 4
6
5 7
E8 :
1 2 3 4
6
5 7 8
F4 :
1 2
(2,1)
3 4
respectively. Since the oriented valued quiver (ΓΛ,d,Ω) of Λ is of Dynkin type, there exist
non-zero natural numbers fi satisfying di j f j = d ji fi for each i, j ∈ ΓΛ. Let |ΓΛ| = n. We de-
note by nQ the vector space of all x= (x1, · · · ,xn) over the field of rational numbers. Then we
define a symmetric bilinear form B : nQ× nQ→ Q as follows. For each x,y ∈ nQ, B(x,y) =
∑i fixiyi−
1
2 ∑i, j di j f jxiy j. For each vertex k ∈ ΓΛ, we have a reflection sk, where sk : nQ→ nQ
is a linear transformation given by skx= x−(2B(x,ek)/B(ek,ek))ek. A group of all linear trans-
formations of nQ generated by the reflections sk, k ∈ Γ, is called Weyl group and it denoted
by W. It is well known that the set R = {x ∈ nQ | x = wek for some w ∈W and k ∈ ΓΛ} is a
reduced root system such that the set {ek | k ∈ ΓΛ} is a base for R [7]. Since by Lemma 3.2,
MΛ is realization, by [7, Theorem], Λ is of finite type and there exists a bijection between finite
dimensional indecomposable representations of MΛ and positive roots of (ΓΛ,d,Ω).
A finitely generated indecomposable right Λ-moduleM is called multiplicity-free top if com-
position factors of top(M) are pairwise non-isomorphic. A ring Λ is said to be right multiplicity-
free top if every finitely generated indecomposable right Λ-module is multiplicity-free top [26].
Since by [13, Corollary 3.3], Λ is a right Ko¨the ring if and only if Λ is an artinian right
multiplicity-free top ring, thus by Proposition 2.4, Λ is right Ko¨the if and only if every fi-
nite dimensional indecomposable representation of MΛ is multiplicity-free top.
In the remainder of this paper we will use the above mentioned notations and results.
Proposition 3.3. Let Λ be a basic hereditary ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type An. Then Λ is a right Ko¨the ring if and only if Λ is an artinian ring.
Proof. Since the Dynkin diagram of (ΓΛ,d,Ω) is of type
An :
1 2 n−1 n
by [5, Page 265], the positive roots of (ΓΛ,d,Ω) are ∑i≤k< j ek, where 1≤ i< j ≤ n+1. There-
fore Λ is a right Ko¨the ring. 
Proposition 3.4. Let Λ be a basic hereditary ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type Dn. Then Λ is a right Ko¨the ring if and only if Λ is an artinian ring such
that the following conditions hold:
(a) |(n−2)+| ≤ 2;
(b) For each i≤ n−3, there exists at most one arrow with the source i.
Proof. (⇒). Assume that |(n−2)+|> 2. Since the Dynkin diagram of (ΓΛ,d,Ω) is of type
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Dn :
1 2 n−3 n−2 n−1
n
by using [5, Page 271], there exists a finite dimensional indecomposable representation X of
MΛ with the dimension vector dimX = 10···0121 . Therefore by Proposition 2.2, there exists a
finite dimensional indecomposable representation X of MΛ such that top(X) ∼= Fn−2⊕Fn−2,
which is a contradiction. Now, we show that for each i ≤ n−3, there exists at most one arrow
with the source i. Assume that there exists i ≤ n− 3 such that |i+| = 2. Since by using [5,
Page 271], there exists a finite dimensional indecomposable representation Y of MΛ with the
dimension vector dimY = 10···012···2221 , where the first 2 is in the i-th coordinate, by Proposition
2.2, there exists a finite dimensional indecomposable representation Y of MΛ which is not
multiplicity-free top. It follows that Λ is not right Ko¨the, which is a contradiction.
(⇐). Assume that X = (Xi, jϕi) is a finite dimensional indecomposable representation of MΛ
and there exists 1≤ t ≤ n such that Ft⊕Ft ⊆ top(X). Since the Dynkin diagram of (ΓΛ,d,Ω) is
of type Dn, by [5, Page 271], the positive roots of (ΓΛ,d,Ω) can be expressed as combinations
of simple roots as follows:
(1) ei+ · · ·+ ek 1≤ i≤ k ≤ n−1;
(2) ei+ · · ·+ ek+2ek+1+ · · ·+2en−2+ en−1+ en 1≤ i≤ k ≤ n−3;
(3) ei+ · · ·+ en−2+ en 1≤ i≤ n−2;
(4) ei+ · · ·+ en−2+ en−1+ en 1≤ i≤ n−2.
By Proposition 2.2, dimFtXt = 2 and the vertex t is source. It follows that by (b), t = n− 2.
Therefore |(n−2)+|= 3, which is a contradiction. Thus every finite dimensional indecompos-
able representation of MΛ is multiplicity-free top. Therefore Λ is a right Ko¨the ring. 
An arm of length t is a pair (Q′,k) consisting of a quiver Q′ of type At and the vertex k of
Q′ which has at most one neighbor in Q′. We say that a quiver Q has an arm (Q′,k) if Q′ is
a full subquiver of Q and there are no arrows between the vertices of Q outside of Q′ and the
vertices of Q′ different from k. Let c be a vertex of a quiver ∆ of tree type. We say that an arrow
α : x→ y points to c provided y and c belong to the same connected component of the quiver
obtained from ∆ by deleting α . Let M = (Fi, iM j)i, j∈I be a species such that for any i, j ∈ I,
Fi ∼= Fj as division rings and r.dimiM j = l.dimiM j = 1 and suppose that the oriented valued
quiver (Γ,d,Ω) of M is of tree type. Let X =
(
Xi, jϕi
)
be a finite dimensional representation
of M and (Q′,k) be an arm of (Γ,d,Ω). We say that X is conical on (Q′,k) provided jϕi is
injective for any arrow i→ j of Q′ which points to k and for the remaining arrows l→ t of Q′,
tϕl is surjective. The representation X is said to be thin, provided dimFiXi ≤ 1 for all vertices i.
The support of X is the set of vertices i with Xi 6= 0 [27].
The following lemma is a generalization of [27, Corollary 1.4].
Lemma 3.5. Let F be a division ring and M = (Fi, iM j)i, j∈I be a species such that for each
i and j, Fi ∼= F as division rings and iM j ∼= FFF as bimodule and the oriented valued quiver
(Γ,d,Ω) of M is of tree type. Let (Q
′
,k) be an arm of (Γ,d,Ω). Then any finite dimensional
representation X of M has a decomposition as X = X
′
⊕X
′′
, where X
′
is conical on (Q
′
,k) and
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the support of X
′′
is contained in Q
′
\ {k}. In particular, if X is a finite dimensional indecom-
posable representation of M such that Xk 6= 0, then X is conical on (Q
′
,k).
Proof. Let X =
(
Xi, jϕi
)
be a finite dimensional representation of M . Let M
′
be a subspecies
ofM with the oriented valued quiverQ
′
. Then by [7, Theorem], there exists a bijection between
finite dimensional indecomposable representations of M
′
and positive roots of Q
′
. Moreover
M
′
is of finite type. Therefore by using [5, Page 265], every finite dimensional representation
of M
′
is a direct sum of thin indecomposable representations. Thus the restriction X |Q
′
of X
to Q
′
is a direct sum of thin indecomposable representations X( j) with j ∈ J. Let J
′
be the set
of indices j ∈ J such that X( j)k 6= 0 and let J
′′
be the set of indices j ∈ J such that X( j)k = 0.
For each vertex t of Q
′
, we set X
′
t =
⊕
j∈J
′ X( j)t and X
′′
t =
⊕
j∈J
′′ X( j)t . Moreover if t is a
vertex in Γ\Q
′
, then we set X
′
t = Xt and X
′′
t = 0. Thus X = X
′
⊕X
′′
, where X
′
=
(
X
′
i , jϕi
)
and
X
′′
=
(
X
′′
i , jϕi
)
. Since the representations X( j) with j ∈ J
′
are conical on (Q
′
,k), X
′
is conical
on (Q
′
,k). Also, since the representations X( j) with j ∈ J
′′
satisfy X( j)k = 0, the support of X
′′
is contained in Q
′
\{k}. Therefore the proof complete. 
Proposition 3.6. Let Λ be a basic hereditary ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type E6. Then Λ is a right Ko¨the ring if and only if Λ is an artinian ring such
that the following conditions hold:
(a) 1≤ |3+| ≤ 2, |4+| ≤ 1 and |2+| ≤ 1;
(b) For each y ∈ 3−, there exists at least one arrow with the target y.
Proof. (⇒). Assume that Λ is a right Ko¨the ring. Let M
′
be a subspecies of MΛ such that ori-
ented valued quiver (Γ
′
,d,Ω) of M
′
is of type D5. Then by using Proposition 3.4, |3+| ≤ 2 and
there exists at most one arrow with the source 2 and one arrow with the source 4. Consequently
|4+| ≤ 1 and |2+| ≤ 1. If |3+|= 0, then (ΓΛ,d,Ω) is the quiver
1
>
2
>
3
<
4
<
6
∨
5
Hence by using [5, Page 275], there exists a finite dimensional indecomposable representation
X of MΛ with the dimension vector dimX = 212321 . It follows that by Proposition 2.2, there
exists a finite dimensional indecomposable representation X of MΛ such that F6⊕F6 ⊆ top(X)
which is a contradiction. Therefore 1 ≤ |3+| ≤ 2. Now we show that for each y ∈ 3−, there
exists at least one arrow with the target y. Assume that there exists y ∈ 3− such that there is
no arrow with the target y. Since |4+| ≤ 1 and |2+| ≤ 1, y = 6. Therefore by Proposition 2.2,
F6⊕F6 ⊆ top(X), where X is a finite dimensional indecomposable representation of MΛ with
the dimension vector dimX = 212321 . Hence X is not multiplicity-free top, which is a contradic-
tion.
(⇐). Let MΛ = (Fi, iM j)i, j∈I be the species of Λ. Assume that M = (Mi, jϕi) is a finite dimen-
sional indecomposable representation of MΛ such that Fi⊕Fi ⊆ top(M) for some vertex i of
(ΓΛ,d,Ω). Since the Dynkin diagram of (ΓΛ,d,Ω) is of type
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E6 :
1 2 3 4
6
5
and by Lemma 3.2(a), there exists a division ring F such that each Fi ∼= F as division rings, thus
by using [5, Page 275], dimFM1 ≤ 1, dimFM2 ≤ 2, dimFM3 ≤ 3, dimFM4 ≤ 2, dimFM5 ≤ 1
and dimFM6 ≤ 2. Thus by assumptions (a) and (b) and Proposition 2.2, i= 3 and dimFM3 = 3.
It follows that by Lemma 3.5, M is one of the following representations
M6
OOOO
M1
  // M2
  3ϕ2 // M3 // // M4 // // M5
M6
OOOO
M1
  // M2
  3ϕ2 // M3 // // M4 o ?
_
M5
M6
OOOO
M1
  // M2 oooo M3 o
3ϕ4
? _M4 o ?
_
M5
M6
OOOO
M1 oooo M2 oooo M3 o
3ϕ4
? _M4 o ?
_
M5
where dimF Im(3ϕ2)= 1 and dimF Im(3ϕ4) = 1. Consequently,M is not indecomposable, which
is a contradiction. Thus every finite dimensional indecomposable representation of MΛ is
multiplicity-free top. Therefore Λ is a right Ko¨the ring. 
Proposition 3.7. Let Λ be a basic hereditary ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type E7. Then Λ is a right Ko¨the ring if and only if Λ is an artinian ring such
that its Coxeter valued quiver has the following orientation
E7 :
1
<
2
<
3
<
4
<
6∧
5 7
<
Proof. (⇒). Assume that Λ is a right Ko¨the ring. Then by the same argument as in the proof
of Propositions 3.4 and 3.6, 1≤ |3+| ≤ 2, |4+| ≤ 1, |5+| ≤ 1 and |2+| ≤ 1 and for each y ∈ 3−,
there exists at least one arrow with the target y. Since the Dynkin diagram of (ΓΛ,d,Ω) is of
type
E7 :
1 2 3 4
6
5 7
by using [5, Page 279], there exists a finite dimensional indecomposable representation Y of
MΛ with the dimension vector dimY = 2234321 . It follows that by Proposition 2.2, (CΛ,m) has
the orientation
E7 :
1
<
2
<
3
<
4
<
6∧
5 7
<
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(⇐). Let MΛ = (Fi, iM j)i, j∈I be the species of Λ. Assume that N = (Ni, jψi) is a finite dimen-
sional indecomposable representation of MΛ such that F j⊕F j ⊆ top(N) for some vertex j of
(ΓΛ,d,Ω). Since the Coxeter valued quiver of Λ is of type E7, by Lemma 3.2(a), there exists a
division ring F such that each Fi ∼= F as division rings. Since the Dynkin diagram of (ΓΛ,d,Ω)
is of type
E7 :
1 2 3 4
6
5 7
by using [5, Page 265], N3 6= 0. Therefore by Lemma 3.5, N is the representation
N6
OOOO
N1 oooo N2 oooo N3 o ?
_
N4 o ?
_
N5 o ?
_
N7
If N7 = 0, by the proof of Proposition 3.6, N is not indecomposable, which is a contradiction.
Thus N7 6= 0. If dimFN5 = 2, then by Lemma 3.5, N =M
′
⊕M
′′
, where
N := N1 oo N2⊕N6 oo N3 o ?
_
N4 o ?
_
N5 o ?
_
N7,
M
′
:= N
′
1
oo N
′
2⊕N
′
6
oo N
′
3
oo N
′
4
oo N
′
5
oo 0
M
′′
:= N
′′
1
oo N
′′
2 ⊕N
′′
6
oo N
′′
3
oo N
′′
4
oo N
′′
5
oo 5
ψ7
N7
and 5ψ7 : N7→ N
′′
5 is an isomorphism. Thus N =M
′
⊕M
′′
, where
N
′
6OO
M
′
:= N
′
1
oo N
′
2
oo N
′
3
oo N
′
4
oo N
′
5
oo 0
N
′′
6OO
M
′′
:= N
′′
1
oo N
′′
2
oo N
′′
3
oo N
′′
4
oo N
′′
5
oo 5
ψ7
N7.
Since by using [5, Page 278], dimFN7 = 1, N
′
5 6= 0. It follows that N is not indecomposable,
which is a contradiction. Therefore dimFN5 6= 2. Since by using [5, Page 278], dimFN1 ≤
2, dimFN2 ≤ 3, dimFN3 ≤ 4, dimFN4 ≤ 3, dimFN5 ≤ 2, dimFN6 ≤ 2 and dimFN7 ≤ 1, so
dimFN7 = dimFN5 = 1. Hence by Proposition 2.2, j = 3 or j = 4. If j = 4, then dimFN4 = 3.
Set
N6
OOOO
T := N1 oooo N2 oooo N3 o ?
_
N4 o
4ψ5
? _N5
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Thus by Lemma 3.5, T = T
′
⊕T
′′
, where
T := N1 oo N2⊕N6 oo N3 o ?
_
N4 o ?
_
N5,
T
′
:= N
′
1
oo N
′
2⊕N
′
6
oo N
′
3
oo N
′
4
oo 0,
T
′′
:= N
′′
1
oo N
′′
2 ⊕N
′′
6
oo N
′′
3
oo N
′′
4
oo 4
ψ5
N5
and 4ψ5 : N5→ N
′′
4 is an isomorphism. So N = T
′
⊕T
′′
, where
N
′
6OO
T
′
:= N
′
1
oo N
′
2
oo N
′
3
oo N
′
4
oo 0 oo 0
N
′′
6OO
T
′′
:= N
′′
1
oo N
′′
2
oo N
′′
3
oo N
′′
4
oo 4
ψ5
N5 oo N7
Since dimFN5 = 1, N
′
4 6= 0 and T
′′
6= 0. Consequently, N is not indecomposable, which is a
contradiction. Now assume that j = 3. Therefore either dimFN3 = 3 and dimF Im(3ψ4) = 1 or
dimFN3 = 4 and 1≤ dimF Im(3ψ4)≤ 2. Set
N6
OOOO
H := N1 oooo N2 oooo N3 o ?
_
N4
Then by Lemma 3.5, H = H
′
⊕H
′′
, where
H := N1 oo N2⊕N6 oo N3 o ?
_
N4,
H
′
:= N
′
1
oo N
′
2⊕N
′
6
oo N
′
3
oo 0
H
′′
:= N
′′
1
oo N
′′
2 ⊕N
′′
6
oo N
′′
3
oo 3
ψ4
N4
and 3ψ4 : N4→ N
′′
3 is an isomorphism. It follows that N = H
′
⊕H
′′
, where
N
′
6OO
H
′
:= N
′
1
oo N
′
2
oo N
′
3
oo 0 oo 0 oo 0
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N
′′
6OO
H
′′
:= N
′′
1
oo N
′′
2
oo N
′′
3
oo 3
ψ4
N4 oo N5 oo N7
and N
′
3 6= 0. Consequently, N is not indecomposable, which is a contradiction. Hence every
finite dimensional indecomposable representation of MΛ is multiplicity-free top. Therefore Λ
is a right Ko¨the ring. 
Lemma 3.8. Let Λ be a basic hereditary artinian ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type E8. Then Λ is not a right Ko¨the ring.
Proof. Assume that Λ is a right Ko¨the ring. Then every finite dimensional indecomposable
representation of MΛ is multiplicity-free top. Thus by using Proposition 3.7, (ΓΛ,d,Ω) is one
of the following quivers:
1
<
2
<
3
<
4
<
6∧
5
<
7
<
8
1
<
2
<
3
<
4
<
6∧
5
<
7
>
8
On the other hand, since Dynkin diagram of (ΓΛ,d,Ω) is of the
E8 :
1 2 3 4
6
5 7 8
by using [5, Page 284], there exists a finite dimensional indecomposable representation Z ofMΛ
with the dimension vector dimZ = 32465432 . Therefore by Proposition 2.2, F8⊕F8 ⊆ top(Z) or
F7⊕F7⊕F7 ⊆ top(Z), which is a contradiction. Therefore Λ is not right Ko¨the. 
4. A CHARACTERIZATION OF RIGHT KO¨THE HEREDITARY RINGS
We recall from [9] that a sequence a = (a1, · · · ,am) of length m ≥ 2 with ai ∈ N is called a
dimension sequence provided there exist xi,yi ∈ N (1≤ i≤ m), with
aixi = xi−1+ xi+1 and aiyi = yi−1+ yi+1 (1≤ i< m),
where x0 = ym+1 =−1, y0 = ym = x1 = xm+1 = 0 and xm = y1 = 1.
Theorem 4.1. Let F and G be division rings and M be an F-G-bimodule. Then Λ =
(
F M
0 G
)
is
a right Ko¨the ring if and only if there exists m≥ 3 such that dm(M) = (m−2,1,2, · · · ,2,1) is a
dimension sequence. Moreover in this case MR ∼=ML as G-F-bimodules.
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Proof. (⇒). Assume that Λ =
(
F M
0 G
)
is a right Ko¨the ring. Then there exists m ≥ 3 such
that Λ has only m pairwise non-isomorphic finitely generated indecomposable right Λ-modules
of finite length. Thus by [31, Proposition 1.1], MΛ is a finite dimensional species and Λ
is a hereditary ring. Hence by Theorem 3.1, MΛ has the finite dimensional property and
{P0,P1, · · · ,Pm−1} is the set of all finite dimensional indecomposable representations (up to
isomorphism) of MΛ, where P0 is a simple projective representation and Pi = S
−
1 · · ·S
−
i F
(i)
k
′
i
,
for each 1 ≤ i ≤ m− 1. By [9, Proposition 1], M(m−2)L ∼= M2R as bimodules and for each
1 ≤ t ≤ m−2, dimPt+1 = d
M
t dimPt −dimPt−1. It follows that dm(M) =
(
dM0 ,d
M
1 , · · · ,d
M
m−1
)
is a dimension sequence. Since Λ is right Ko¨the, every finite dimensional indecomposable rep-
resentation of MΛ is multiplicity-free top. Assume that m > 3 and dimPi = (xi,yi), for each
0≤ i≤m−1. Then by Proposition 2.2, each xi≤ 1. Since dimP0= (0,1) and dimP1 = (1,d
M
0 ),
x2 = d
M
1 ≤ 1. Since dm(M) is a dimension sequence, by [9, Proposition 2
′
], dM1 = 1. Also, since
x3 = d
M
2 −1, d
M
2 = 2. It follows that
dm(M) =
(
dM0 ,1,2,d
M
3 , · · · ,d
M
m−2,d
M
m−1
)
,
where for each 2 ≤ i ≤ m− 2, dMi is non-zero and less than or equal to 2. If there exists
3 ≤ t ≤ m− 2 such that dMt = 1 and for each 2 ≤ i ≤ t− 1, d
M
i = 2, then by using [9, Propo-
sition 2
′
and Corollary], we can see that there exist s ≥ 2 and natural numbers a1,a2, · · · ,as
such that (a1,1,1,a2, · · · ,as) is a dimension sequence, which is a contradiction. Thus dm(M) =(
dM0 ,1,2, · · · ,2,d
M
m−1
)
. Consequently by [9, Corollary],
(
dM0 − (m−3),1,d
M
m−1
)
is a dimen-
sion sequence. Hence by [9, Proposition 2
′
], dM0 = m− 2 and d
M
m−1 = 1. Therefore dm(M) =
(m−2,1,2, · · · ,2,1).
(⇐). Assume that there exists m ≥ 3 such that dm(M) = (m− 2,1,2, · · · ,2,1) is a dimension
sequence. Then by [30, Corollary 3.5], Λ has only m pairwise non-isomorphic finitely gen-
erated indecomposable right Λ-modules of finite length. Thus Λ is of finite type. It follows
that by [31, Proposition 1.1], Λ is a basic hereditary artinian ring and MΛ is of finite type.
Therefore by Theorem 3.1, {P0,P1, · · · ,Pm−1} is the set of all finite dimensional indecompos-
able representations (up to isomorphism) of MΛ, where P0 is a simple projective representation
and Pi = S
−
1 · · ·S
−
i F
(i)
k
′
i
, for each 1≤ i ≤ m−1. Since dm(M) = (m−2,1,2, · · · ,2,1) and by [9,
Proposition 1], dimPt+1 = d
M
t dimPt−dimPt−1 for each 1≤ t ≤m−2, thus by Proposition 2.2,
every finite dimensional indecomposable representation of MΛ is multiplicity-free top. Hence
by Proposition 2.4, every finitely generated indecomposable right Λ-module is multiplicity-free
top. Therefore by [13, Corollary 3.3], Λ is a right Ko¨the ring.
Now assume that Λ is a right Ko¨the ring. Then M(m−1)L ∼= MR as bimodules. It follows that
r.dimMR = r.dimML = 1. Therefore by using of the proof of Lemma 3.2, ML ∼=MR as bimod-
ule. 
Let Λ be a basic hereditary artinian ring such that the Coxeter valued quiver (CΛ,m) of Λ is
one of the following Coxeter diagrams:
H3 :
1 2
5
3
COXETER DIAGRAMS AND THE KO¨THE’S PROBLEM 19
H4 :
1 2
5
3 4
5
G2 :
1
6
2
I2(p) :
1
p
2
where p = 5 or 7 ≤ p < ∞. Then by [12, Theorem 3], Λ ∼= RMΛ . By [13, Corollary 3.3]
and Proposition 2.4, Λ is right Ko¨the if and only if every finite dimensional indecomposable
representation of MΛ is multiplicity-free top. Let M
′
= (F,G,M) be a subspecies of MΛ such
that
(
F M
0 G
)
has only m≥ 3 pairwise non-isomorphic indecomposable right modules. If Λ is a
right Ko¨the ring, then by Theorem 4.1, dm(M) = (m−2,1,2, · · · ,2,1) is a dimension sequence.
Proposition 4.2. Let Λ be a basic hereditary ring. Assume that MΛ =
(
Fi, iM j
)
i, j∈I
is the
species of Λ and the Coxeter valued quiver (CΛ,m) of Λ is of type Bn. Then Λ is a right Ko¨the
ring if and only if Λ is an artinian ring such that one of the following conditions holds:
(a) d4(n−1Mn) = (2,1,2,1) is a dimension sequence and (CΛ,m) is the quiver
Bn :
n
4
<
n−1 2
<
1
(b) d4(nMn−1) = (2,1,2,1) is a dimension sequence and (CΛ,m) is the quiver
Bn :
n
4
>
n−1 2
>
1
Proof. (⇒). Assume that Λ is a right Ko¨the ring. Since the Dynkin diagram of (ΓΛ,d,Ω) is
one of the following diagrams
Bn :
n
<
n−1 2 1
Cn :
n
>
n−1 2 1
thus by using [5, Pages 267-269] and Proposition 2.2, (CΛ,m) is one of the following quivers
Bn :
n
4
<
n−1 2
<
1
Bn :
n
4
>
n−1 2
>
1
respectively.
(⇐). Since the oriented valued quiver (ΓΛ,d,Ω) of MΛ is one of the following diagrams
Bn :
n
(1,2)
<
n−1 2
<
1
Cn :
n
(2,1)
>
n−1 2
>
1
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thus the Dynkin diagram of (ΓΛ,d,Ω) is one of the following diagrams
Bn :
n
<
n−1 2 1
Cn :
n
>
n−1 2 1
respectively. Hence by Proposition 2.2 and by using [5, Pages 267-269], every finite dimen-
sional indecomposable representation of MΛ is multiplicity-free top. Therefore Λ is a right
Ko¨the ring. 
Lemma 4.3. Let Λ be a basic hereditary artinian ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type H3. Then Λ is not a right Ko¨the ring.
Proof. Let F and G be division rings and M be an F-G-bimodule such that M
′
= (F,G,M)
is a subspecies of MΛ and
(
F M
0 G
)
has only 5 pairwise non-isomorphic indecomposable right
modules. Assume that Λ is a right Ko¨the ring. Then d5(M) = (3,1,2,2,1). If (CΛ,m) is the
quiver
1
>
2
5
>
3
then dimP5 = s
−
1 s
−
2 s
−
3 s
−
4 s
−
5 (0,0,1) = s
−
1 s
−
2 s
−
3 s
−
4 (0,2,1) = s
−
1 s
−
2 s
−
3 (0,2,3) = s
−
1 s
−
2 (2,2,3) =
s−1 (2,3,3) = (2,3,6). Hence by Proposition 2.2, F1⊕F1 ⊆ top(P5), which is a contradiction.
If (CΛ,m) is the quiver
1
>
2
5
<
3
then dimP4= s
−
1 s
−
2 s
−
3 s
−
4 (0,0,1)= s
−
1 s
−
2 s
−
3 (0,2,1)= s
−
1 s
−
2 (0,2,1)= s
−
1 (2,2,1)= (2,3,1). Thus
F1⊕F1 ⊆ top(P4), which is a contradiction. Suppose that (CΛ,m) is the quiver
1
<
2
5
>
3
Then dimP5 = s
−
1 s
−
2 s
−
3 s
−
4 s
−
5 (0,1,0) = s
−
1 s
−
2 s
−
3 s
−
4 (0,1,2) = s
−
1 s
−
2 s
−
3 (1,1,2) = s
−
1 s
−
2 (1,2,2) =
s−1 (1,2,4) = (1,2,4). Therefore F2⊕F2 ⊆ top(P5), which is a contradiction. If (CΛ,m) is the
quiver
1
<
2
5
<
3
then dimP7 = s
−
1 s
−
2 s
−
3 s
−
4 s
−
5 s
−
6 s
−
7 (0,1,0) = s
−
1 s
−
2 s
−
3 s
−
4 s
−
5 s
−
6 (1,1,0) = s
−
1 s
−
2 s
−
3 s
−
4 s
−
5 (1,1,2) =
s−1 s
−
2 s
−
3 s
−
4 (1,4,2) = s
−
1 s
−
2 s
−
3 (3,4,2) = s
−
1 s
−
2 (3,4,2) = s
−
1 (3,5,2) = (2,5,2). Thus by Proposi-
tion 2.2, F3⊕F3 ⊆ top(P7), which is a contradiction. Therefore Λ is not a right Ko¨the ring. 
As an immediate consequence of Lemma 4.3, we have the following corollary.
Corollary 4.4. Let Λ be a basic hereditary artinian ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type H4. Then Λ is not a right Ko¨the ring.
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Lemma 4.5. Let Λ be a basic hereditary artinian ring. Assume that the Coxeter valued quiver
(CΛ,m) of Λ is of type F4. Then Λ is not a right Ko¨the ring.
Proof. Since the oriented valued quiver (Γ,d,Ω) of MΛ is of type F4, the Dynkin diagram of
(ΓΛ,d,Ω) is of the
F4 :
1 2
>
3 4
It follows that by using [5, Page 287], there exists a finite dimensional indecomposable repre-
sentation X of MΛ with the dimension vector dimX = 2342 . Thus by Proposition 2.2, X is not
multiplicity-free top. Therefore Λ is not right Ko¨the. 
A ring Λ is called indecomposable if Λ is not a direct product of two non-zero rings.
Now, we are ready to give a characterization of basic hereditary right Ko¨the rings in terms of
their Coxeter valued quivers.
Theorem 4.6. Let Λ be a basic hereditary ring and MΛ =
(
Fi, iM j
)
i, j∈I
be the species of Λ.
Then Λ is right Ko¨the if and only if Λ is an artinian ring such that the Coxeter valued quiver of
Λ is a finite disjoint union of the following Coxeter diagrams:
(1) An with any orientations;
(2) Bn with the orientation
n
4
<
n−1 2
<
1
and d4(n−1Mn) = (2,1,2,1) is a dimension sequence;
(3) Bn with the orientation
n
4
>
n−1 2
>
1
and d4(nMn−1) = (2,1,2,1) is a dimension sequence;
(4) Dn with the following conditions:
(a) |(n−2)+| ≤ 2;
(b) For each i≤ n−3, there exists at most one arrow with the source i;
(5) E6 with the following conditions:
(a) 1≤ |3+| ≤ 2, |4+| ≤ 1 and |2+| ≤ 1;
(b) For each y ∈ 3−, there exists at least one arrow with the target y;
(6) E7 with the orientation
1
<
2
<
3
<
4
<
6∧
5 7
<
(7) G2 with the orientation
1
6
>
2
and d6(1M2) = (4,1,2,2,2,1) is a dimension sequence.
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(8) I2(p) with the orientation
I2(P) :
1
p
>
2
where 5≤ p< ∞, p 6= 6 and dp(1M2) = (p−2,1,2, · · · ,2,1) is a dimension sequence.
Proof. SinceΛ is a basic hereditary ring, Λ=Λ1⊕·· ·⊕Λn, where each Λi is an indecomposable
basic hereditary ring. Then the Coxeter valued quiver of Λ is a disjoint union of the Coxeter
valued quivers of Λi.
(⇒). Assume that Λ is a right Ko¨the ring. Then Λi is an indecomposable basic hereditary right
Ko¨the ring, for each 1 ≤ i ≤ n. Thus without loss of generality, we can assume that Λ is an
indecomposable basic hereditary right Ko¨the ring. Then Λ is of finite type. By [9, Theorem
2], the Coxeter valued quiver of Λ is one of the Coxeter diagrams An, Bn, Dn, E6, E7, E8, F4,
G2, H3, H4 and I2(p) with p = 5 or 7 ≤ p < ∞. It follows that by Lemmas 3.8, 4.3, 4.5 and
Corollary 4.4, the Coxeter valued quiver of Λ is one of the Coxeter diagrams An, Bn, Dn, E6,
E7, G2 and I2(p) with p= 5 or 7≤ p< ∞. Therefore by Propositions 3.3, 3.4, 3.6, 3.7, 4.2 and
Theorem 4.1, the proof complete.
(⇐). By Propositions 3.3, 3.4, 3.6, 3.7, 4.2 and Theorem 4.1, for each 1 ≤ i ≤ n, every right
Λi-module is a direct sum of cyclic modules. Therefore Λ is a right Ko¨the ring. 
5. A CHARACTERIZATION OF RIGHT KO¨THE RINGS WITH RADICAL SQUARE ZERO
Let U and T be two rings, M be a U -T -bimodule and R =
(
T 0
M U
)
. Let DR be the category
whose objects are triples (X ,Y, f ), where X is a right T -module, Y is a right U -module and
f ∈ HomT (Y ⊗U M,X). If α ∈ HomDR((X ,Y, f ),(X
′
,Y
′
, f
′
)), then α = (α1,α2), where α1 ∈
HomT (X ,X
′
) and α2 ∈HomU (Y,Y
′
) such that α1 f = f
′
(α2⊗ idM). The functor G :DR→Mod-
R is defined in [14] as follows. Let (X ,Y, f ) be an object in the category DR. For (x,y) ∈ X⊕Y
and
(
t 0
m u
)
∈ R, define
(x,y)
(
t 0
m u
)
= (xt+ f (y⊗m),yu).
It is easy to see that X ⊕Y is a right R-module. We define G((A,B, f )) to be A⊕ B. Let
α = (α1,α2) ∈ HomDR((X ,Y, f ),(X
′
,Y
′
, f
′
)). We set G(α) = α1⊕α2. The reader may easily
verify that G(α) is an R-homomorphism. It is well known that the functor G is an equivalence.
Let Λ be a basic artinian ring with radical square zero and Γ =
(
Λ/J 0
J Λ/J
)
. Let A denote the
full subcategory of DΓ whose objects are (X ,Y, f ), where X and Y are two right Λ/J-modules
and f ∈ HomΛ/J(Y ⊗Λ/J J,X) is an epimorphism. The natural functor H : Mod-Λ → A is
defined in [14] as follows. Let M be a right Λ-module. Then H(M) = (MJ,M/MJ, fM), where
fM : M/MJ⊗Λ/J J → MJ is induced from the multiplication map M⊗Λ J → MJ. It is well
known that the functor H is full and dense and M ∈ Mod-Λ is indecomposable if and only if
H(M) in A is indecomposable.
Proposition 5.1. Let Λ be a basic artinian ring with radical square zero. Then Λ is a right
Ko¨the ring if and only if Γ =
(
Λ/J 0
J Λ/J
)
is a right Ko¨the ring.
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Proof. (⇒). Assume that Λ is a right Ko¨the ring. Since Λ is a basic artinian ring, by [17,
Proposition 1.8], Γ is a basic artinian ring. Let X be a finitely generated indecomposable
right Γ-module. Then there exists an indecomposable object (A,B, f ) of DΓ such that X ∼=
G((A,B, f )) = A⊕B as right Γ-module. If (A,B, f ) 6∈A , then f is not an epimorphism. Since
A is semisimple, A = A
′
⊕ Im f for some Λ/J-submodule A
′
of A. Thus X ∼= G((Im f ,B, f ))⊕
G((A
′
,0, f )). Since X is indecomposable, X ∼= G((A
′
,0, f )) and hence A
′
is a simple right
Λ-module. Therefore by [19, Corollary 2.2], X is multiplicity-free top. Now assume that
(A,B, f ) ∈ A . Then there exists an indecomposable right Λ-module M such that H(M) ∼=
(A,B, f ). It follows that X ∼= G((MJ,M/MJ, fM)), where fM :M/MJ⊗Λ/J J→MJ is induced
from the multiplication map M⊗Λ J → MJ. Since Λ is right Ko¨the, by [13, Corollary 3.3],
M/MJ = S1⊕ ·· ·⊕ St , where t ∈ N, each Si is a simple right Λ-module and for each i 6= j,
Si ≇ S j. Therefore by [19, Corollary 2.2], top(X) =G((0,S1,0))⊕·· ·⊕G((0,St ,0)), where for
each i 6= j, (0,Si,0) ≇ (0,S j,0). This prove that every finitely generated indecomposable right
Γ-module is multiplicity-free top. Therefore Γ is a right Ko¨the ring.
(⇐). Let N be a finitely generated indecomposable right Λ-module. Then by [17, Exercise
1C], G(H(N)) = G((NJ,N/NJ, fN)) is a finitely generated indecomposable right Γ-module.
Since by [19, Corollary 2.2], top(G(H(N))) = G((0,S1,0))⊕ ·· ·⊕G((0,St,0)), where t ∈ N
and N/NJ = S1⊕·· ·⊕St , thus by [13, Corollary 3.3], for each i 6= j, Si ≇ S j. Therefore Λ is a
right Ko¨the ring. 
Let Λ be a basic artinian ring with radical square zero and MΛ =
(
Fi, iM j
)
i, j∈I
be the species
of Λ. Let (ΓΛ,d,Ω) be the oriented valued quiver of MΛ. We recall from [11] that a separated
diagram of Λ is a valued quiver (ΓMΛ,d,Ω) with the set of vertices {(i,0),(i,1) | i ∈ ΓΛ} and
oriented arrows
(i,0)
(di j,d ji)
>
( j,1)
when iM j 6= 0. If di j = d ji = 1, we write simply
(i,0)
>
( j,1)
It is easy to see that the separated diagram of Λ coincides with the oriented valued quiver of
MΓ. Moreover, it is well known that Γ =
(
Λ/J 0
J Λ/J
)
is a basic hereditary artinian ring.
We conclude this section with the following result which is a characterization of basic right
Ko¨the rings with radical square zero in terms of their separated diagrams.
Theorem 5.2. Let Λ be a basic ring with radical square zero and MΛ = (Fi, iM j)i, j∈I be the
species of Λ. Then Λ is a right Ko¨the ring if and only if Λ is an artinian ring, MΛ is realization
and the separated diagram of Λ is a finite disjoint union of the following diagrams:
(1) An with any orientations;
(2) Bn with the orientation
n
(1,2)
<
n−1 2
<
1
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(3) Cn with the orientation
n
(2,1)
>
n−1 2
>
1
(4) Dn with the following conditions:
(a) |(n−2)+| ≤ 2;
(b) For each i≤ n−3, there exists at most one arrow with the source i;
(5) E6 with the following conditions:
(a) 1≤ |3+| ≤ 2, |4+| ≤ 1 and |2+| ≤ 1;
(b) For each y ∈ 3−, there exists at least one arrow with the target y;
(6) E7 with the orientation
1
<
2
<
3
<
4
<
6∧
5 7
<
(7) G2 with the orientation
1
(4,1)
>
2
where there exist precisely 6 pairwise non-isomorphic finitely generated indecompos-
able right
(
F1 1M2
0 F2
)
-modules.
(8) I2(p) with the orientation
1
(p−2,1)
>
2
where 5 ≤ p < ∞, p 6= 6 and there exist precisely p pairwise non-isomorphic finitely
generated indecomposable right
(
F1 1M2
0 F2
)
-modules.
Proof. (⇒). Assume that Λ is a right Ko¨the ring. Then by Proposition 5.1, Γ =
(
Λ/J 0
J Λ/J
)
is a
basic hereditary right Ko¨the ring. Since the separated diagram of Λ coincides with the oriented
valued quiver of Γ and also MΛ is realization if and only if MΓ is realization, the result follows
by Theorem 4.6.
(⇐). Since Λ is a basic artinian ring with radical square zero, Γ is a basic hereditary artinian
ring. Thus Γ = Γ1⊕ ·· · ⊕Γm, where each Γi is an indecomposable basic hereditary artinian
ring. Since Γ is a right Ko¨the ring if and only if each Γi is a right Ko¨the ring and the oriented
valued quiver of MΓ is a disjoint union of the oriented valued quivers of MΓi , without loss of
generality, we can assume that Γ is an indecomposable basic hereditary artinian ring. Assume
that the oriented valued quiver of MΓ is I2(p) (5≤ p< ∞ and p 6= 6) with the orientation
1
(p−2,1)
>
2
and there exist precisely p pairwise non-isomorphic finitely generated indecomposable right(
F1 1M2
0 F2
)
-modules. Then by [30, Corollary 3.5], dp(1M2) is a dimension sequence and hence
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by [9, Proposition 2
′
], dp(1M2) = (p−2,1,2, · · · ,2,1). Therefore by Theorem 4.1, Γ is a right
Ko¨the ring. Similarly if the oriented valued quiver of MΓ is G2 with the orientation
1
(4,1)
>
2
and there exist precisely 6 pairwise non-isomorphic finitely generated indecomposable right(
F1 1M2
0 F2
)
-modules, then Γ is a right Ko¨the ring. Now assume that the oriented valued quiver of
Γ is not of typeG2 or I2(p) (5≤ p<∞ and p 6= 6). Then by [12, Theorem 3], Γ∼= RΓ. Moreover
by [7, Theorem], MΓ is of finite type and there exists a bijection between finite dimensional
indecomposable representations of MΓ and positive roots of the oriented valued quiver of MΓ.
Let F and G be division rings andM be an F-G-bimodule such that r.dimM = l.dimM = 1. Let(
F M
0 G
)
be of finite representation type. Then by [9, Propositions 1 and 2
′
],
(
F M
0 G
)
has exactly
3 pairwise non-isomorphic finitely generated indecomposable right modules. It follows that by
Lemma 3.2, F ∼= G as division rings. Therefore by the proof of Propositions 3.3, 3.4, 3.6, 3.7
and 4.2, every finite dimensional indecomposable representation of MΓ is multiplicity-free top.
Therefore Γ is right Ko¨the ring. Consequently, by Proposition 5.1, Λ is a right Ko¨the ring. 
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